Nucleons in Two-Flavor Partially-Quenched Chiral Perturbation Theory by Beane, Silas R. & Savage, Martin J.
ar
X
iv
:h
ep
-la
t/0
20
30
03
v1
  6
 M
ar
 2
00
2
NT@UW-02-004
Nucleons in Two-Flavor Partially-Quenched
Chiral Perturbation Theory
Silas R. Beane and Martin J. Savage
Department of Physics, University of Washington,
Seattle, WA 98195.
Abstract
Properties of the proton and the neutron are explored in partially-
quenched chiral perturbation theory with two non-degenerate light flavors.
Masses, magnetic moments, matrix elements of isovector twist-2 operators
and axial-vector currents are computed at the one-loop level in the chiral
expansion.
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I. INTRODUCTION
At some point in time lattice calculations will be able to determine the properties and
interactions of the low-lying hadrons directly from QCD. Impressive progress is being made
toward this goal, however present computational limitations necessitate the use of quark
masses that are significantly larger than those of nature. Typically one hasmlatt.pi ∼ 500 MeV.
In order to make a connection between lattice calculations of the foreseeable future and
nature, an extrapolation in the quark masses is required. Chiral perturbation theory (χPT)
provides a systematic description of low-energy QCD near the chiral limit, and this technique
has been extended to describe both quenched QCD (QQCD) [1–5] and partially-quenched
QCD (PQQCD) [6,7]. The hope is that future lattice simulations can be performed with
quark masses that are small enough to guarantee a convergent chiral expansion, thus allowing
a meaningful extrapolation to the quark masses of nature.
Recently, it has been shown how to include the low-lying octet and decuplet of baryons [8]
into partially-quenched chiral perturbation theory (PQχPT) [6,7]. As the pion mass
presently obtainable in lattice simulations is not much smaller than the physical kaon mass,
it is natural to consider a theory with three light valence-quarks and three light sea-quarks.
The masses, magnetic moments and matrix elements of isovector twist-2 operators were
computed at the one-loop level in SU(6|3)L ⊗ SU(6|3)R PQχPT [8]. The strange quark
mass was taken to be different from the other two degenerate light quarks (isospin limit)
and one of the sea-quarks was taken to have a mass different from the other two. However,
many lattice simulations are performed with just two light quarks. In this work we deter-
mine several observables of the proton and the neutron at one-loop level in PQχPT with
two non-degenerate light quarks using SU(4|2)L ⊗ SU(4|2)R PQχPT. Isospin violation of
electromagnetic origin is not considered.
In Section II we develop the general formalism for including baryons in SU(4|2)L ⊗
SU(4|2)R PQχPT. The masses and magnetic moments of the proton and neutron are com-
puted to one-loop order in the chiral expansion in Section III and IV, respectively. In
Section V and VI we present one-loop level expressions for matrix elements of isovector
twist-2 operators and axial-vector currents, respectively. We conclude in Section VII.
II. PQχPT
The Lagrange density describing the quark-sector of PQQCD is
L = ∑
a,b=u,d
qaV [ iD/ −mq ]ba qV b +
∑
a˜,b˜=u˜,d˜
q˜
a˜
[ iD/−mq˜ ]b˜a˜ q˜b˜ +
∑
a,b=j,l
qasea [ iD/ −msea ]ba qsea,b
=
∑
k,n=u,d,u˜,d˜,j,l
Q
k
[ iD/−mQ ]nk Qn , (1)
where the qV are the two light-quarks, u and d, the q˜ are two light bosonic (ghost) quarks
u˜ and d˜, and the qsea are the two sea-quarks j and l. The left- and right-handed valence-,
sea-, and ghost-quarks are combined into column vectors
QL =
(
u, d, j, l, u˜, d˜
)T
L
, QR =
(
u, d, j, l, u˜, d˜
)T
R
, (2)
2
where the graded equal-time commutation relations for two fields is
Qαi (x)Q
β†
k (y)− (−)ηiηkQβ†k (y)Qαi (x) = δαβδikδ3(x− y) , (3)
where α, β are spin-indices and i, k are flavor indices. The objects ηk correspond to the
parity of the component of Qk, with ηk = +1 for k = 1, 2, 3, 4 and ηk = 0 for k = 5, 6,
and the graded commutation relations for two Q’s or two Q†’s are analogous. The QL,R in
eq. (2) transform in the fundamental representation of SU(4|2)L,R respectively. The ground
floor of QL transforms as a (4, 1) of SU(4)qL ⊗ SU(2)q˜L while the first floor transforms as
(1, 2), and the right handed field QR transforms analogously.
In the absence of quark masses, mQ = 0, the Lagrange density in eq. (1) has a graded
symmetry U(4|2)L ⊗ U(4|2)R, where the left- and right-handed quark fields transform as
QL → ULQL and QR → URQR respectively. The strong anomaly reduces the symmetry of
the theory, which can be taken to be SU(4|2)L⊗SU(4|2)R⊗U(1)V [7]. It is assumed that this
symmetry is spontaneously broken according to the pattern SU(4|2)L⊗SU(4|2)R⊗U(1)V →
SU(4|2)V ⊗ U(1)V so that an identification with QCD can be made.
The mass-matrix, mQ, has entries mQ = diag(mu, md, mj , ml, mu, md), i.e. mu˜ = mu and
md˜ = md, so that the contribution to the determinant in the path integral from integrating
over the qV and the q˜ exactly cancel, leaving the contribution from the qsea alone.
A. The Pseudo-Goldstone Bosons
The strong interaction dynamics of the pseudo-Goldstone bosons are described at leading
order (LO) in PQχPT by a Lagrange density of the form [6],
L = f
2
8
str
[
∂µΣ†∂µΣ
]
+ λ
f 2
4
str
[
mQΣ
† +mQΣ
]
+ αΦ∂
µΦ0∂µΦ0 − m20Φ20 , (4)
where αΦ and m0 are quantities that do not vanish in the chiral limit. The meson field is
incorporated in Σ via
Σ = exp
(
2 i Φ
f
)
= ξ2 , Φ =
(
M χ†
χ M˜
)
, (5)
where M and M˜ are matrices containing bosonic mesons while χ and χ† are matrices con-
taining fermionic mesons, with
M =


ηu π
+ J0 L+
π− ηd J
− L0
J
0
J+ ηj Y
+
jl
L− L
0
Y −jl ηl

 , M˜ =
(
η˜u π˜
+
π˜− η˜d
)
, χ =
(
χηu χpi+ χJ0 χL+
χpi− χηd χJ− χL0
)
, (6)
where the upper 2×2 block ofM is the usual triplet plus singlet of pseudo-scalar mesons while
the remaining entries correspond to mesons formed with the sea-quarks. The convention we
use corresponds to f ∼ 132 MeV, and the charge assignments have been made using an
electromagnetic charge matrix, Q(PQ) = 1
3
diag (2,−1, 2,−1, 2,−1).
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The singlet field is defined to be Φ0 = str ( Φ ) /
√
2, and its mass m0 can be taken to
be of order the scale of chiral symmetry breaking, m0 → Λχ [7]. In taking this limit, one
finds that the η two-point functions deviate from simple single-poles. The ηaηb propagator
is found to be
Gηaηb =
iδab
q2 −m2ηa + iǫ
− i
2
(q2 −m2jj)(q2 −m2ll)
(q2 −m2ηa + iǫ)(q2 −m2ηb + iǫ)(q2 − 12(m2jj +m2ll) + iǫ)
, (7)
where mab is the mass of the meson composed of (anti)-quarks of flavor a and b. This can
be compactly written as
Gηaηb = δabPa + Hab(Pa, Pb, PX) , (8)
where
Pa =
i
q2 −m2ηa + iǫ
, Pb =
i
q2 −m2ηb + iǫ
, PX =
i
q2 −m2X + iǫ
Hab(A,B,C) = −1
2
[
(m2jj −m2ηa)(m2ll −m2ηa)
(m2ηa −m2ηb)(m2ηa −m2X)
A− (m
2
jj −m2ηb)(m2ll −m2ηb)
(m2ηa −m2ηb)(m2ηb −m2X)
B
+
(m2X −m2jj)(m2X −m2ll)
(m2X −m2ηa)(m2X −m2ηb)
C
]
, (9)
where the mass, mX , is given by m
2
X =
1
2
(
m2jj +m
2
ll
)
. One important implication of this
form for the singlet propagator is that the nucleon-nucleon potential falls off exponentially
at long distances, as opposed to Yukawa-like behavior, away from the QCD-limit [9].
The tree-level masses resulting from the Lagrange density in eq. (4) are
m2pi± = m
2
ud = λ (mu +md) , m
2
ηu = m
2
uu = 2 λ mu ,
m2J0 = m
2
ju = λ (mj +mu) , (10)
and so forth.
B. The Nucleons and ∆-Resonances
It is straightforward to include the proton, neutron, and ∆-resonances into PQχPT [4,8].
An interpolating field that has non-zero overlap with the nucleons (when the ijk indices are
restricted to 1, 2) is [4]
Bγijk ∼
[
Qα,ai Q
β,b
j Q
γ,c
k − Qα,ai Qγ,cj Qβ,bk
]
ǫabc (Cγ5)αβ , (11)
where C is the charge conjugation operator, a, b, c are color indices and α, β, γ are Dirac
indices. Dropping the Dirac index, one finds that under the interchange of flavor indices [4],
Bijk = (−)1+ηjηk Bikj , Bijk + (−)1+ηiηj Bjik + (−)1+ηiηj+ηjηk+ηkηi Bkji = 0 . (12)
In analogy with QCD, we consider the transformation of Bijk under SU(4|2)V transforma-
tions, and using the graded relation
4
Qi U
j
k = (−)ηi(ηj+ηk) U jk Qi , (13)
in eq. (11), it is straightforward to show that [4]
Bijk → (−)ηl(ηj+ηm)+(ηl+ηm)(ηk+ηn) U li U mj U nk Blmn , (14)
where Bijk describes a 70 dimensional representation of SU(4|2)V .
It is convenient to decompose the irreducible representations of SU(4|2)V into irreducible
representations of SU(2)val⊗SU(2)sea⊗SU(2)q˜ [8,10–12]. The subscript denotes where the
SU(2) acts, either on the qV , the qsea, or the q˜. In order to locate a particular baryon
in the irreducible representation we employ the terminology of Ref. [8]: ground floor, first
floor, second floor and so on, as it is common in the description of super-algebra multiplets.
The ground floor contains all the baryons that do not contain a bosonic quark, the first
floor contains all baryons that contain one bosonic quark, the second floor contains all
baryons that contain two bosonic quarks, and the third floor contains the baryons that are
comprised entirely of bosonic quarks. As a way of distinguishing between baryons containing
some number of valence and sea quarks, we use “levels” [8]. Level A consists of baryons
containing no sea quarks, level B consists of baryons containing one sea quarks, level C
consists of baryons containing two sea quarks, and level D consists of baryons composed
only of sea quarks.
The ground floor of level A of the 70-dimensional representation contains nucleons,
comprised of three valence quarks, qV qV qV , and is therefore a (2, 1, 1) of SU(2)val⊗SU(2)sea⊗
SU(2)q˜. The nucleons are embedded as
Babc = 1√
6
( ǫab Nc + ǫacNb ) , (15)
where the indices are restricted to take the values a, b, c = 1, 2 only. The nucleon doublet is
N =
(
p
n
)
. (16)
The first floor of level A of the 70-dimensional representation contains baryons that are
composed of two valence quarks and one ghost-quark, q˜qV qV , and therefore transforms as
(3, 1, 2)⊕ (1, 1, 2) of SU(2)val ⊗ SU(2)sea ⊗ SU(2)q˜ . The tensor representation a˜s˜ab of the
(3, 1, 2) multiplet, and a˜t˜ of the (1, 1, 2) multiplet, where a˜ = 1, 2 runs over the q˜ indices
and a, b = 1, 2 run over the qV indices, have baryon assignments
a˜s˜11 = Σ˜
+1
a˜ , a˜s˜12 = a˜s˜21 =
1√
2
Σ˜0a˜ , a˜s˜22 = Σ˜
−1
a˜ , a˜t˜ = Λ˜
0
a˜ . (17)
The right superscript denotes the third component of qV -isospin, while the left subscript
denotes the q˜ flavor. The ground floor of level B of the 70-dimensional representation
contains baryons that are composed of two valence quarks and one sea quark, qV qV qsea, and
therefore transforms as (3, 2, 1) ⊕ (1, 2, 1) of SU(2)val ⊗ SU(2)sea ⊗ SU(2)q˜ . The tensor
representation asbc of the (3, 2, 1) multiplet, and at of the (1, 2, 1) multiplet, where a = 1, 2
runs over the qsea indices and b, c = 1, 2 run over the qV indices, have baryon assignment
as11 = Σ
+1
a , as12 = as21 =
1√
2
Σ0a , as22 = Σ
−1
a , at = Λ
0
a . (18)
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The a˜s˜ab, a˜t˜, asab, and at are uniquely embedded into Bijk (up to field redefinitions),
constrained by the relations in eq. (12):
Bijk = −
√
2
3
i−2sjk for i = 3, 4 and j, k = 1, 2
Bijk = 1
2
j−2t εik +
1√
6
j−2sik for j = 3, 4 and i, k = 1, 2
Bijk = 1
2
k−2t εij +
1√
6
k−2sij for k = 3, 4 and i, j = 1, 2
Bijk =
√
2
3
i−4s˜jk for i = 5, 6 and j, k = 1, 2
Bijk = 1
2
j−4t˜ εik +
1√
6
j−4s˜ik for j = 5, 6 and i, k = 1, 2
Bijk = −1
2
k−4t˜ εij − 1√
6
k−4s˜ij for k = 5, 6 and i, j = 1, 2 . (19)
We do not construct the remaining floors and levels of the 70 as we are only interested in
one-loop contributions to observables with nucleons in the asymptotic states.
As the mass splitting between the ∆-resonances and nucleons in QCD is much less than
the scale of chiral symmetry breaking (Λχ ∼ 1 GeV) the ∆-resonances must be included as a
dynamical field in order to have a theory where the natural scale of higher order interactions
is set by Λχ. An interpolating field that contains the spin-
3
2
∆-resonances as the ground
floor is [4]
T α,µijk ∼
[
Qα,ai Q
β,b
j Q
γ,c
k +Q
β,b
i Q
γ,c
j Q
α,a
k +Q
γ,c
i Q
α,a
j Q
β,b
k
]
εabc(Cγ
µ)βγ , (20)
where the indices i, j, k run from 1 to 6. Neglecting Dirac indices, one finds that under the
interchange of flavor indices [4]
Tijk = (−)1+ηiηjTjik = (−)1+ηjηkTikj . (21)
Tijk describes a 44 dimensional representation of SU(4|2)V , which has the ground floor
of level A transforming as (4, 1, 1) under SU(2)val ⊗ SU(2)sea ⊗ SU(2)q˜ with Tabc = Tabc,
when the indices are restricted to take the values a, b, c = 1, 2, and where Tabc is the totally
symmetric tensor containing the ∆-resonances,
T111 = ∆
++ , T112 =
1√
3
∆+ , T122 =
1√
3
∆0 , T222 = ∆
− . (22)
The first floor of level A of the 44 transforms as a (3, 1, 2) under SU(2)val⊗SU(2)sea⊗SU(2)q˜
which has a tensor representation, a˜x˜ij , with baryon assignment
a˜x˜11 = Σ˜
∗,+1
a˜ , a˜x˜12 = a˜x˜21 =
1√
2
Σ˜∗,0a˜ , a˜x˜22 = Σ˜
∗,−1
a˜ . (23)
Similarly, the ground floor of level B of the 44 transforms as a (3, 2, 1) under SU(2)val ⊗
SU(2)sea ⊗ SU(2)q˜ which has a tensor representation, axij , with baryon assignment
6
ax11 = Σ
∗,+1
a , ax12 = ax21 =
1√
2
Σ∗,0a , ax22 = Σ
∗,−1
a . (24)
The embedding of a˜xij into Tijk is unique (up to field redefinitions), constrained by the
symmetry properties in eq. (21):
Tijk = + 1√
3
i−2xjk for i = 3, 4 and j, k = 1, 2
Tijk = + 1√
3
j−2xik for j = 3, 4 and i, k = 1, 2
Tijk = + 1√
3
k−2xij for k = 3, 4 and i, j = 1, 2
Tijk = + 1√
3
i−4x˜jk for i = 5, 6 and j, k = 1, 2
Tijk = − 1√
3
j−4x˜ik for j = 5, 6 and i, k = 1, 2
Tijk = + 1√
3
k−4x˜ij for k = 5, 6 and i, j = 1, 2 . (25)
Again, we do not explicitly construct the second and third floor baryons of the 44.
C. Lagrange Density for the Nucleons and ∆-Resonances
The free Lagrange density for the Bijk and Tijk fields is [4], at LO in the heavy baryon
expansion [13–17],
L = i
(
Bv · DB
)
+ 2α
(PQ)
M
(
BBM+
)
+ 2β
(PQ)
M
(
BM+B
)
+ 2σ
(PQ)
M
(
BB
)
str (M+)
− i
(
T µv · DTµ
)
+∆
(
T µTµ
)
− 2γ(PQ)M
(
T µM+Tµ
)
− 2σ(PQ)M
(
T µTµ
)
str (M+) , (26)
where ∆ is the mass splitting between the 70 and the 44, M+ = 12
(
ξ†mQξ
† + ξmQξ
)
, and
ξ =
√
Σ. The brackets, ( ) denote contraction of Lorentz and flavor indices as defined in
Ref. [4]. For a matrix Γαβ acting in spin-space, and a matrix Yij that acts in flavor-space,
the required contractions are [4]
(
B Γ B
)
= Bα,kji Γβα Bijk,β ,
(
T µ Γ Tµ
)
= T µα,kji Γβα Tijk,βµ(
B Γ Y B
)
= Bα,kji Γβα Y li Bljk,β ,
(
T µ Γ Y Tµ
)
= T µα,kji Γβα Y li Tljk,βµ(
B Γ B Y
)
= (−)(ηi+ηj)(ηk+ηn)Bα,kji Γβα Y nk Bijn,β(
B Γ Y µTµ
)
= Bα,kji Γβα (Y µ)li Tljk,βµ , (27)
where B and T transform the same way, e.g.
Bkji → (−)ηl(ηj+ηm)+(ηl+ηm)(ηk+ηn) Bnml U k†n U j†m U i†l . (28)
The covariant derivative acting on either the B or T fields has the form
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(DµB)ijk = ∂µBijk + (V µ)li Bljk + (−)ηi(ηj+ηm) (V µ)mj Bimk + (−)(ηi+ηj)(ηk+ηn) (V µ)nk Bijn (29)
where the vector and axial-vector meson fields are
V µ =
1
2
(
ξ∂µξ† + ξ†∂µξ
)
, Aµ =
i
2
(
ξ∂µξ† − ξ†∂µξ
)
. (30)
By restricting ourselves to the qV qV qV sector, we can make a comparison between the LO
partially-quenched free Lagrange density and that of QCD, which has fewer free parameters,
LQCD = iNv · DN + 2αMNMQCD+ N + 2σMNN tr
[
MQCD+
]
− iT µv · DTµ + ∆ T µTµ − 2γMT µMQCD+ Tµ − 2σMT µTµ tr
[
MQCD+
]
, (31)
where the QCD chirally-invariant mass operator is MQCD+ = 12
(
ξ†mqξ
† + ξmqξ
)
, where
mq = diag(mu, md), and ξ is the QCD version of the matrix defined in eq. (5). The QCD
parameters and the PQQCD parameters are related by,
αM =
2
3
α
(PQ)
M −
1
3
β
(PQ)
M , σM = σ
(PQ)
M +
1
6
α
(PQ)
M +
2
3
β
(PQ)
M
γM = γ
(PQ)
M , σM = σ
(PQ)
M . (32)
The Lagrange density describing the interactions of the 70 and 44 with the pseudo-
Goldstone bosons at LO in the chiral expansion is [4],
L = 2α
(
BSµBAµ
)
+ 2β
(
BSµAµB
)
+ 2H
(
T νSµAµTν
)
+
√
3
2
C
[ (
T νAνB
)
+
(
BAνT ν
) ]
, (33)
where Sµ is the covariant spin-vector [13–15]. Restricting ourselves to the qV qV qV sector,
we can compare eq. (33) with the LO interaction Lagrange density of QCD,
L = 2gA NSµAµN + g1NSµN tr [ Aµ ] + g∆N
[
T
abc,ν
Ada,ν Nb ǫcd + h.c.
]
+ 2g∆∆ T
ν
SµAµTν + 2gX T
ν
Sµ Tν tr [ Aµ ] , (34)
and find that at tree-level
α =
4
3
gA +
1
3
g1 , β =
2
3
g1 − 1
3
gA , H = g∆∆ , C = −g∆N , (35)
with gX = 0. Considering only the nucleons, and decomposing the Lagrange density in
eq. (34) into the mass eigenstates of the isospin-symmetric limit, π±, π0 and η, we have
L = 2gA NSµA˜µN +
√
2
f
(gA + g1)NS
µN ∂µη , (36)
where A˜µ is the axial-vector field of pions only (excluding the isosinglet meson). In the
isospin symmetric limit, with the mass of the η being of order ∼ Λχ, all expressions must
be independent of the coupling g1.
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III. NUCLEON MASSES
The mass of the i-th nucleon has a chiral expansion
Mi =M0(µ) − M (1)i (µ) − M (3/2)i (µ) + ... , (37)
where a term M
(α)
i denotes a contribution of order m
α
Q, and i = p, n. The nucleon mass is
dominated by a term in the PQχPT Lagrange density, M0, that is independent of mQ. Each
of the contributions in eq. (37) depends upon the scale chosen to renormalize the theory.
While at LO and next-to-leading order (NLO) in the chiral expansion, the objects M0 and
M
(1)
i are scale independent, at one-loop level they are required to be scale dependent. The
leading dependence upon mQ, occurring at order O (mQ), is due to the terms in eq. (26)
with coefficients α
(PQ)
M , β
(PQ)
M and σ
(PQ)
M , each of which must be determined from lattice sim-
ulations. The leading non-analytic dependence upon mQ arises from the one-loop diagrams
shown in Fig. 1, and we find the contributions to the proton mass are
N
Μ χ,
N N N
Μ χ,
FIG. 1. One-loop graphs that give contributions of the form ∼ m3/2Q to the masses of the proton
and neutron. A solid, thick-solid and dashed line denote a 70-nucleon, 44-resonance, and a meson,
respectively. The solid-squares denote an axial coupling.
M (1)p =
1
3
mu
(
5α
(PQ)
M + 2β
(PQ)
M
)
+
1
3
md
(
α
(PQ)
M + 4β
(PQ)
M
)
+ 2σ
(PQ)
M (mj +ml)
M (3/2)p =
1
8πf 2
(
g2A
3
[
m3uu +m
3
ud + 2m
3
ju + 2m
3
lu + 3Gηu,ηu
]
+
g21
12
[
m3uu − 5m3ud + 3m3jd + 2m3ju + 3m3ld + 2m3lu + 3Gηu,ηu + 6Gηu,ηd + 3Gηd,ηd
]
+
gAg1
3
[
m3ju +m
3
lu −m3ud + 2m3uu + 3Gηu,ηd + 3Gηu,ηu
]
+
g2∆N
9π
[ 5Fud + Fuu + Fju + Flu + 2Fjd + 2Fld + 2Eηd,ηd + 2Eηu,ηu − 4Eηu,ηd ]
)
, (38)
where the function Fc = F (mc,∆, µ) is
F (m,∆, µ) =
(
m2 −∆2
)(√
∆2 −m2 log
(
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ
)
−∆ log
(
m2
µ2
) )
− 1
2
∆m2 log
(
m2
µ2
)
. (39)
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The functions Gηa,ηb and Eηa,ηb are Gηa,ηb = Hηaηb(m3ηa , m3ηb , m3X) and Eηa,ηb =Hηaηb(Fηa , Fηb , FX), respectively, where the function Hηaηb is given in eq. (9). The con-
tributions to the neutron mass are
M (1)n =
1
3
mu
(
α
(PQ)
M + 4β
(PQ)
M
)
+
1
3
md
(
5α
(PQ)
M + 2β
(PQ)
M
)
+ 2σ
(PQ)
M (mj +ml)
M (3/2)n =
1
8πf 2
(
g2A
3
[
m3dd +m
3
ud + 2m
3
jd + 2m
3
ld + 3Gηd,ηd
]
+
g21
12
[
m3dd − 5m3ud + 2m3jd + 3m3ju + 2m3ld + 3m3lu + 3Gηu,ηu + 6Gηu,ηd + 3Gηd,ηd
]
+
gAg1
3
[
2m3dd −m3ud +m3jd +m3ld + 3Gηd,ηd + 3Gηu,ηd
]
+
g2∆N
9π
[ 5Fud + Fdd + Fjd + Fld + 2Fju + 2Flu + 2Eηd,ηd + 2Eηu,ηu − 4Eηu,ηd ]
)
. (40)
Our expressions for both the proton and neutron masses collapse down to those of isospin-
symmetric QCD [18] in the limit mj , ml, mu, md → m,
MN = M0 − 2m (αM + 2σM)− 1
8πf 2
[
3
2
g2Am
3
pi +
4g2∆N
3π
Fpi
]
. (41)
In obtaining this result we have used the fact that Gηd,ηd → −12m3pi, and Eηu,ηu → −12Fpi. By
varying both the sea-quark and valence-quark masses over a suitable range and determining
the proton and neutron masses, the constants M0, α
(PQ)
M , β
(PQ)
M and σ
(PQ)
M can, in principle,
be determined for two-flavor QCD.
IV. NUCLEON MAGNETIC MOMENTS
The nucleon magnetic moments have been computed on the lattice in both quenched
and unquenched QCD using quark masses significantly larger than those of nature [19]. In
order to define the magnetic moments of the nucleons in PQQCD, one must first define the
light-quark electric-charge matrix. As discussed in detail in Ref. [8], the extension of the
electric-charge matrix from QCD, where
Q = diag
(
+
2
3
, −1
3
)
, (42)
to PQQCD is not unique, but is constrained by the requirement of recovering QCD in the
limit that mj → mu and ml → md. The most general charge matrix whose matrix elements
reduce down to those of QCD (keeping the valence-quark charges fixed) is
Q(PQ) = diag
(
+
2
3
, −1
3
, qj , ql , qj , ql
)
. (43)
For subsequent discussions we define Q(PQ)ξ+ = 12
(
ξ†Q(PQ)ξ + ξQ(PQ)ξ†
)
, and Qξ+ =
1
2
(
ξ†Qξ + ξQξ†
)
.
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Studying the behavior of the magnetic moments for a variety of charge-matrices with
different relative contributions of the singlet and adjoint representations will yield the desired
low-energy constants in the chiral Lagrangian [8,20]. The additional freedom introduced by
the charges ql and qj is a blessing rather than a curse due to the fact that different extensions
correspond to different weightings of disconnected diagrams in lattice simulations. Thus the
impact of disconnected diagrams whose numerical evaluation, in some cases, converges slowly
(and hence can induce large uncertainties) can be minimized by a suitable choice of Q(PQ).
Furthermore, in PQχPT the contribution of one-loop diagrams involving the more massive
sea-quarks can be minimized (order-by-order) by an appropriate choice of charges, thereby
improving the convergence of the chiral expansion.
In QCD, there are two invariants that can be constructed at LO in the chiral expansion
to describe the magnetic moments of the nucleons,
L = e
4MN
Fµν
(
µA Tr
[
Qξ+
]
NσµνN + µB Nσ
µνQξ+N
)
, (44)
where Fµν is the electromagnetic field-strength tensor, and MN is the physical value of the
nucleon mass. More conventionally, this is written in terms of the isoscalar and isovector
operators
L = e
4MN
Fµν
(
µ0 Nσ
µνN + µ1 Nσ
µντ 3ξ+ N
)
, (45)
where µ0 = (2µA + µB)/6 is the isoscalar nucleon magnetic moment, µ1 = µB/2 is the
isovector nucleon magnetic moment, and τaξ+ =
1
2
(
ξ†τaξ + ξτaξ†
)
. In PQQCD, the LO
Lagrange density contributing to the magnetic moments of the nucleons has the form
L = e
4MN
Fµν
[
µα
(
B σµν B Q(PQ)ξ+
)
+ µβ
(
B σµν Q(PQ)ξ+ B
)
+ µγ str
[
Q(PQ)ξ+
] (
B σµν B
) ]
. (46)
It is interesting to note that there is one more operator in PQQCD than there is in QCD at
LO. The coefficients in the QCD and PQQCD LO Lagrange densities are related by
µ0 =
1
6
[ µα + µβ + 2µγ ] , µ1 =
1
6
[ 2µα − µβ ] . (47)
At the order to which we will be working, m1/2q , it is convenient to write the proton and
neutron magnetic moments in terms of the µ0,1. However, higher order calculations will need
to be performed using µα,β,γ directly.
Up to order m1/2q , it is convenient to write the magnetic moment of the i-th nucleon as
µi = αi +
MN
4πf 2
[ βi + β
′
i ] + ... , (48)
where the tree-level contributions, αi, are given by the Lagrange density in eq. (46). The β
and β ′ contributions arise from the one-loop diagrams shown in Fig. 2, involving nucleons in
the 70 and resonances in the 44 dimensional representations, respectively. For the proton
we find
11
NΜ χ,
N N N
Μ χ,
FIG. 2. One-loop graphs that give contributions of the form ∼ √mQ to the magnetic moments
of the nucleons. A solid, thick-solid and dashed line denote a 70-nucleon, 44-resonance, and a
meson, respectively. The solid-squares denote an axial coupling from eq. (33), while the solid circle
denotes a minimal coupling to the electromagnetic field.
αp = µ0 + µ1
βp =
g2A
9
[ 4muu − 5mud − 4mju − 4mlu ] + 2g1gA
9
[ mud +muu −mju −mlu ]
+
g21
36
[ mud + 4muu − 3mdd + 3mjd − 4mju + 3mld − 4mlu ]
+qj
(
2g2A
3
[mju −muu] + g1gA
3
[mju −muu] + g
2
1
6
[
mju −muu + 3
2
mjd − 3
2
mud
])
+ql
(
2g2A
3
[mlu −mud] + g1gA
3
[mlu −mud] + g
2
1
6
[
mlu −mud + 3
2
mld − 3
2
mdd
])
β ′p = g
2
∆N
1
27
[ Fdd − Fuu − 6Fud − Fjd + Fju − Fld + Flu
+
3
2
qj (Fuu + 2Fud −Fju − 2Fjd) + 3
2
ql (Fud + 2Fdd − Flu − 2Fld)
]
, (49)
where the function Fi = F(mi,∆, µ) is
πF(m,∆, µ) =
√
∆2 −m2 log
(
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ
)
− ∆ log
(
m2
µ2
)
. (50)
In the limit ∆→ 0, F(m, 0, µ) = m. For the neutron we find
αn = µ0 − µ1
βn =
g2A
9
[7mud + 2mld + 2mjd − 2mdd] + g1gA
9
[mjd +mld −mud −mdd]
+
g21
18
[3muu + 2mud −mdd +mjd − 3mju +mld − 3mlu]
+qj
(
2g2A
3
[mjd −mud] + g1gA
3
[mjd −mud] + g
2
1
6
[
mjd −mud + 3
2
mju − 3
2
muu
] )
+ql
(
2g2A
3
[mld −mdd] + g1gA
3
[mld −mdd] + g
2
1
6
[
mld −mdd + 3
2
mlu − 3
2
mud
] )
β ′n = g
2
∆N
1
54
[ Fdd − 4Fuu + 9Fud − Fjd + 4Fju − Fld + 4Flu
+3 qj (Fud + 2Fuu −Fjd − 2Fju) + 3 ql (Fdd + 2Fud − Fld − 2Flu) ] . (51)
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These expressions reduce to their QCD counterparts [21–23]
µp = µ0 + µ1 − MN
4πf 2
[
g2A mpi+ +
2
9
g2∆N Fpi+
]
µn = µ0 − µ1 + MN
4πf 2
[
g2A mpi+ +
2
9
g2∆N Fpi+
]
, (52)
when mj → mu and ml → md. Note that the results are independent of the charges qj,l.
V. MATRIX ELEMENTS OF ISOVECTOR TWIST-2 OPERATORS
The forward matrix elements of twist-2 operators play an important role in hadronic
structure as they are directly related to the moments of the parton distribution functions.
There exist both quenched and unquenched lattice simulations of these matrix elements [24].
Recently, it was realized that the long-distance contributions to these matrix elements could
be computed order-by-order in the chiral expansion using chiral perturbation theory [25–27].
These corrections have been applied to results from both quenched and unquenched lattice
data [28], with interesting results. In addition, the long-distance contributions arising in
QQCD and the large-Nc limit of QCD have been computed in Ref. [29] and Ref. [30],
respectively. Further, this technique has been applied to the off-forward matrix elements
of twist-2 operators in order to study the spin structure of the proton [31]. In Ref. [8], the
matrix elements of the isovector twist-2 operators were computed at the one-loop level in
SU(6|3)L ⊗ SU(6|3)R PQχPT. Like the magnetic moments, the extension of the twist-2
matrix elements from QCD to PQQCD introduces a non-unique isovector charge matrix,
which can be exploited to optimize the numerical simulations and the chiral expansion [8].
In QCD, the nonsinglet operators have the form,
O(n),aµ1µ2 ...µn =
1
n!
q τa γ{µ1
(
i
↔
Dµ2
)
...
(
i
↔
Dµn}
)
q − traces , (53)
where the {...} denotes symmetrization with respect to all Lorentz indices, and τa are Pauli
matrices acting in flavor-space. They transform as (3, 1) ⊕ (1, 3) under SU(2)L ⊗ SU(2)R
chiral transformations [25,26]. Of particular interest to us are the isovector operators where
τ 3 = diag(1,−1). At LO in the chiral expansion the O(n),3µ1µ2 ...µn match onto [25–27]
O(n),3µ1µ2...µn → a(n) (i)n
f 2
4
(
1
Λχ
)n−1
Tr
[
Σ†τ 3
−→
∂ µ1
−→
∂ µ2 ...
−→
∂ µnΣ + Στ
3−→∂ µ1−→∂ µ2 ...−→∂ µnΣ†
]
+ A(n) vµ1vµ2 ...vµn Nτ
3
ξ+N
+ γ(n) vµ1vµ2 ...vµn T
α
τ 3ξ+Tα + σ
(n) 1
n!
v{µ1vµ2 ...vµn−2 T µn−1 τ
3
ξ+ Tµn}
− traces . (54)
In PQQCD, the nonsinglet operators have the form
PQO(n),aµ1µ2 ...µn =
1
n!
Q τa γ{µ1
(
i
↔
Dµ2
)
...
(
i
↔
Dµn}
)
Q − traces , (55)
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where the τa are super Pauli matrices, an extension of the Pauli matrices from two-flavor
QCD to PQQCD. With the requirements that τ 3 is supertraceless and that the QCD matrix
elements are recovered in the limit mj → mu, ml → md, the most general flavor structure
for τ 3 is (keeping the valence-quark charges fixed)
τ 3 = ( 1 , −1 , yj , yl , yj , yl ) . (56)
For an arbitrary choice of the yi, this operator contains both isovector and isoscalar com-
ponents. It is purely isovector only when yj + yl = 0. As a result, for arbitrary yi, the
usual isovector relations between matrix elements do not hold. The fact that disconnected
diagrams can only be isoscalar renders this result obvious. At LO in the chiral expansion,
matrix elements of the isovector operator PQO(n),3µ1µ2 ...µn are reproduced by operators of the
form [8,25–27]
PQO(n),3µ1µ2...µn → a(n) (i)n
f 2
4
(
1
Λχ
)n−1
str
[
Σ†τ 3
−→
∂ µ1
−→
∂ µ2 ...
−→
∂ µnΣ + Στ
3−→∂ µ1−→∂ µ2 ...−→∂ µnΣ†
]
+ α(n) vµ1vµ2 ...vµn
(
B B τ 3ξ+
)
+ β(n) vµ1vµ2 ...vµn
(
B τ 3ξ+ B
)
+ γ(n) vµ1vµ2 ...vµn
(
T α τ 3ξ+ Tα
)
+ σ(n)
1
n!
v{µ1vµ2 ...vµn−2
(
T µn−1 τ 3ξ+ Tµn}
)
− traces , (57)
where τ 3ξ+ =
1
2
(
ξτ 3ξ† + ξ†τ 3ξ
)
. In general, the coefficients a(n), α(n), β(n), γ(n) and σ(n)
are not constrained by symmetries and must be determined from elsewhere. However for
n = 1 they are fixed by the isospin charge of the hadrons to be
a(1) = +1 , α(1) = +2 , β(1) = +1 , γ(1) = −3 , σ(1) = 0 . (58)
Comparing the operators in the QCD and PQQCD chiral Lagrangians, one finds that the
coefficients α(n) and β(n) both contribute to A(n) in the QCD limit of PQQCD, but away
from this limit the operators are independent.
At the one-loop level there are contributions from counterterms involving one insertion
of the quark mass matrix mQ,
PQO(n),3µ1µ2...µn→
[
b
(n)
1 Bkji { τ 3ξ+ , M+ }ni Bnjk
+ b
(n)
2 (−)(ηi+ηj)(ηk+ηn) Bkji { τ 3ξ+ , M+ }nk Bijn
+ b
(n)
3 (−)ηl(ηj+ηn) Bkji
(
τ 3ξ+
)l
i
(M+)nj Blnk
+ b
(n)
4 (−)ηlηj+1 Bkji
((
τ 3ξ+
)l
i
(M+)nj + (M+)li
(
τ 3
)n
j
)
Bnlk
+ b
(n)
5 (−)ηi(ηl+ηj) Bkji
(
τ 3ξ+
)l
j
(M+)ni Bnlk + b(n)6 B
kji
(
τ 3ξ+
)l
i
Bljk str (M+)
+ b
(n)
7 (−)(ηi+ηj)(ηk+ηn) Bkji
(
τ 3ξ+
)n
k
Bijn str (M+)
+ b
(n)
8 Bkji Bijk str
(
τ 3ξ+ M+
) ]
vµ1vµ2 ...vµn − traces , (59)
where the coefficients b
(n)
1 , ...b
(n)
8 are to be determined. The only constraint that exists on
the b
(n)
i is that the isospin charge of each nucleon is absolutely normalized, and thus b
(1)
i = 0.
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The forward matrix elements of PQO(n),3µ1µ2...µn in the i-th nucleon at the one-loop level can
be written as
〈PQO(n),3µ1µ2...µn〉i =
[
ρ
(n)
i +
1− δn1
16π2f 2
(
η
(n),0
i − ρ(n)i wi + yj η(n),ji + yl η(n),li
)
c
(n),0
i + yj c
(n),j
i + yl c
(n),l
i
]
U i vµ1vµ2 ...vµn Ui − traces , (60)
where ρ
(n)
i are the LO contributions. The factor of 1 − δn1 appears in the higher order
corrections because the isovector charge is not renormalized. The diagrams shown in Fig. 3
give the leading non-analytic contributions to the wavefunction renormalization, wi, the
vertex contributions, η
(n),0
i , that are independent of the charges of the ghost- and sea-quarks,
and to the vertex contributions, η
(n),j,l
i , associated with the charges of the ghost- and valence-
quarks. For the proton we find
(a) (b)
(e) (f)
(g)
N N N N
N N
N N
(c) (d)
N N N N
Μ χ, Μ χ,
Μ χ, Μ χ,
Μ χ, Μ χ,
Μ χ,
N N
Μ χ,
(h)
N N
FIG. 3. One-loop graphs that give contributions of the form ∼ mQ logmQ to the matrix ele-
ments of the isovector twist-2 operators in the nucleon. A solid, thick-solid and dashed line denote
a 70-nucleon, 44-resonance, and a meson, respectively. The solid-squares denote an axial coupling
given in eq.(33), while the solid circle denotes an insertion of the strong two-pion-nucleon inter-
action given in eq.(26). The crossed circle denotes an insertion of the tree-level matrix element of
PQO(n),aµ1µ2 ...µn. Diagrams (a) to (f) are vertex corrections, while diagrams (g) and (h) give rise to
wavefunction renormalization.
ρ(n)p =
1
3
(
2α(n) − β(n)
)
15
wp = g
2
A (Lud + Luu + 2Lju + 2Llu + 3Rηu,ηu)
+ g1gA (2Luu − Lud + Lju + Llu + 3Rηu,ηu + 3Rηu,ηd)
+
g21
4
(Luu − 5Lud + 2Llu + 3Lld + 2Lju + 3Ljd + 3Rηu,ηu + 6Rηu,ηd + 3Rηd,ηd)
+
1
3
g2∆N (5Jud + Juu + Jju + Jlu + 2Jjd + 2Jld + 2Tηu,ηu + 2Tηd,ηd − 4Tηu,ηd)
η(n),0p = 3g
2
Aρ
(n)
p (Luu − Lud +Rηu,ηu)
+
g1gA
2
[
α(n) (3Luu − Lud + Lju + Llu + 4Rηu,ηd + 4Rηu,ηu)
+2β(n) (Lud − Lju − Llu − Rηu,ηd −Rηu,ηu)
]
+
g21
8
[
α(n) (3Luu − 6Lud − Ldd + 5Ljd + Lju + 5Lld + Llu
+4Rηu,ηu + 8Rηu,ηd + 4Rηd,ηd)
+2β(n) (Ljd − Lju + Lld − Llu − 2Ldd − Rηu,ηu − 2Rηu,ηd −Rηd,ηd)
]
+
2
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Jdd − Juu − 6Jud − 2Jjd − 2Jld − Tηu,ηu − Tηd,ηd + 2Tηu,ηd)
+
1
6
α(n) ( 5Luu − 4Lud − Ldd − 5Lju − 5Llu + Ljd + Lld)
+
1
3
β(n) ( Luu + Lud − 2Ldd − Lju − Llu + 2Ljd + 2Lld)
η(n),jp = g
2
Aα
(n) (Lju − Luu) + g1gA
2
α(n) (Lju − Luu)
+
g21
8
[
α(n) (Ljd + Lju − Lud − Luu) + β(n) (4Ljd + 2Lju − 4Lud − 2Luu)
]
+
1
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Juu + 2Jud − 2Jjd − Jju)
+
1
6
α(n) ( −5Luu − Lud + 5Lju + Ljd) + 1
3
β(n) ( −Luu − 2Lud + Lju + 2Ljd)
η(n),lp = g
2
Aα
(n) (Llu − Lud) + g1gA
2
α(n) (Llu − Lud)
+
g21
8
[
α(n) (Lld + Llu − Lud − Ldd) + β(n) (4Lld + 2Llu − 4Ldd − 2Lud)
]
+
1
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Jud + 2Jdd − 2Jld − Jlu)
+
1
6
α(n) ( −5Lud − Ldd + 5Llu + Lld) + 1
3
β(n) ( −2Ldd − Lud + Llu + 2Lld)
c(n),0p =
1
3
mu
(
2b
(n)
1 + 5b
(n)
2 −
3
2
b
(n)
3 + 3b
(n)
4 + 3b
(n)
8
)
+
1
3
md
(
−4b(n)1 − b(n)2 +
1
2
b
(n)
3 − 2b(n)4 + 2b(n)5 − 3b(n)8
)
+
1
3
(mj +ml)
(
−b(n)6 + 2b(n)7
)
c(n),jp = (mj −mu) b(n)8
16
c(n),lp = (ml −md) b(n)8 , (61)
where, for the contributions from the 70 intermediate states, we have defined Lab =
m2ab log (m
2
ab/µ
2), and Rx,y = H(Lx, Ly, LX). For the contributions from the 44 interme-
diate states, we have defined Jab = J(mab,∆, µ), with
J(m,∆, µ) =
(
m2 − 2∆2
)
log
(
m2
µ2
)
+ 2∆
√
∆2 −m2 log
(
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ
)
, (62)
and Tx,y = H(Jx, Jy, JX). For the neutron we find
ρ(n)n = −
1
3
(
2α(n) − β(n)
)
wn = g
2
A (Ldd + Lud + 2Ljd + 2Lld + 3Rηd,ηd)
+ g1gA (2Ldd − Lud + Ljd + Lld + 3Rηu,ηd + 3Rηd,ηd)
+
g21
4
(Ldd − 5Lud + 2Ljd + 3Lju + 2Lld + 3Llu + 3Rηu,ηu + 6Rηu,ηd + 3Rηd,ηd)
+
1
3
g2∆N (5Jud + Jdd + 2Jju + 2Jlu + Jjd + Jld + 2Tηu,ηu + 2Tηd,ηd − 4Tηu,ηd)
η(n),0n = 3g
2
Aρ
(n)
p (Ldd − Lud +Rηd,ηd)
+
g1gA
2
[
α(n) (Lud − 3Ldd − Ljd − Lld − 4Rηu,ηd − 4Rηd,ηd)
+2β(n) (Ljd + Lld − Lud +Rηu,ηd +Rηd,ηd)
]
+
g21
8
[
α(n) (6Lud + Luu − 3Ldd − Ljd − 5Lju − Lld − 5Llu
−4Rηu,ηu − 8Rηu,ηd − 4Rηd,ηd)
+ 2β(n) (2Luu + Ljd − Lju + Lld − Llu +Rηu,ηu + 2Rηu,ηd +Rηd,ηd)
]
+
2
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Jdd − Juu + 6Jud + 2Jju + 2Jlu + Tηu,ηu + Tηd,ηd − 2Tηu,ηd)
+
1
6
α(n) ( −5Ldd + 4Lud + Luu + 5Ljd + 5Lld − Lju − Llu)
+
1
3
β(n) ( −Ldd − Lud + 2Luu − 2Lju − 2Llu + Ljd + Lld)
η(n),jn = g
2
Aα
(n) (Ljd − Lud) + g1gA
2
α(n) (Ljd − Lud)
+
g21
8
[
α(n) (Ljd + Lju − Lud − Luu) + 2β(n) (Ljd + 2Lju − Lud − 2Luu)
]
+
1
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Jud + 2Juu − 2Jju − Jjd)
+
1
6
α(n) ( −5Lud − Luu + 5Ljd + Lju) + 1
3
β(n) ( −Lud − 2Luu + Ljd + 2Lju)
η(n),ln = g
2
Aα
(n) (Lld − Ldd) + g1gA
2
α(n) (Lld − Ldd)
+
g21
8
[
α(n) (Lld + Llu − Ldd − Lud) + 2β(n) (Lld + 2Llu − Ldd − 2Lud)
]
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+
1
9
g2∆N
(
γ(n) − σ
(n)
3
)
(Jdd + 2Jud − 2Jlu − Jld)
+
1
6
α(n) ( −5Ldd − Lud + 5Lld + Llu) + 1
3
β(n) ( −2Lud − Ldd + Lld + 2Llu)
c(n),0n =
1
3
mu
(
4b
(n)
1 + b
(n)
2 −
1
2
b
(n)
3 + 2b
(n)
4 − 2b(n)5 + 3b(n)8
)
+
1
3
md
(
−2b(n)1 − 5b(n)2 +
3
2
b
(n)
3 − 3b(n)4 − 3b(n)8
)
+
1
3
(mj +ml)
(
b
(n)
6 − 2b(n)7
)
c(n),jn = (mj −mu) b(n)8
c(n),ln = (ml −md) b(n)8 . (63)
In the QCD and isospin limits, these expressions reduce down to those obtained in
Refs. [25,26],
〈O(n),3µ1µ2...µn〉p = Up vµ1vµ2 ...vµnUp
[
ρ(n)p
(
1− (3g
2
A + 1)(1− δn1)
8π2f 2
Lpi
)
− g
2
∆N(1− δn1)
4π2f 2
Jpi
[
ρ(n)p +
5
9
γ(n) − 5
27
σ(n)
]]
− traces , (64)
where we have not shown the contribution from local counterterms involving a single in-
sertion of mq. Notice that the QCD limit is independent of the coupling g1, as required.
Furthermore, in the isospin limit alone, where mj = ml and mu = md, these expressions
reduce down to those obtained in three-flavor PQQCD [8] when the strange quark mass is
taken to be very heavy.
VI. THE AXIAL-VECTOR CURRENT
Matrix elements of the axial-vector current, qτaγµγ5q, are extensively studied on the
lattice [24]. In χPT, there have been numerous computations of these matrix elements [14,32]
at the one-loop level, both including and excluding the decuplet as an intermediate state.
In analogy to the extension of the electric- and isovector-charge matrices to PQQCD, there
is a non-uniqueness in the extension of the isovector axial currents, Qτ aγµγ5Q, to PQQCD.
We use the charge matrix in eq. (56) for the flavor-conserving currents, and for the flavor-
changing current we replace τ 3 with τ+ in the upper 2 × 2 block. At LO in the chiral
expansion, the axial current takes the form
(PQ)j3µ,5→ 2α
(
BSµB τ 3ξ+
)
+ 2β
(
BSµ τ 3ξ+B
)
+ 2H
(
T νSµ τ 3ξ+Tν
)
+
√
3
2
C
[ (
T µ τ 3ξ+B
)
+
(
B τ 3ξ+Tµ
) ]
+ . . . . (65)
At one-loop level the matrix elements of the axial current between nucleons of flavor “a”
and “b” are
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(PQ)Γab = 〈Nb|(PQ)jµ,5|Na〉 =
[
ρab +
1
16π2f 2
(
ηab − ρab 1
2
[ wa + wb ] + yj η
(j)
ab + yl η
(l)
ab
)
+ cab + yj c
(j)
ab + yl c
(l)
ab
]
2U bSµUa , (66)
where the wavefunction renormalization contributions are given in eqs. (61) and (63). The
cab’s correspond to contributions from local counterterms involving one insertion of the mass
matrix, mQ,
(PQ)j
mQ
µ,5 → 2
[
b1 Bkji { τ 3ξ+ , M+ }ni SµBnjk
+ b2 (−)(ηi+ηj)(ηk+ηn) Bkji { τ 3ξ+ , M+ }nk SµBijn
+ b3 (−)ηl(ηj+ηn) Bkji
(
τ 3ξ+
)l
i
(M+)nj SµBlnk
+ b4 (−)ηlηj+1 Bkji
((
τ 3ξ+
)l
i
(M+)nj + (M+)li
(
τ 3
)n
j
)
SµBnlk
+ b5 (−)ηi(ηl+ηj) Bkji
(
τ 3ξ+
)l
j
(M+)ni SµBnlk + b6 B
kji
(
τ 3ξ+
)l
i
SµBljk str (M+)
+ b7 (−)(ηi+ηj)(ηk+ηn) Bkji
(
τ 3ξ+
)n
k
SµBijn str (M+)
+ b8 Bkji SµBijk str
(
τ 3ξ+ M+
) ]
, (67)
where the coefficients, bi, must be determined from data or from lattice calculations.
For the matrix element of τ 3 between proton states, we find that the diagrams in Fig. 4
give
ρpp = gA
ηpp = g
3
A [ Lud − Luu − Rηuηu ]
+
g1g
2
A
3
[ Lud − 2Luu − Lju − Llu − 3Rηuηu − 3Rηuηd ]
+
gAg
2
1
12
[ 2Lud − 4Luu − 3Ljd + Lju − 3Lld + Llu − 3Rηuηu − 6Rηuηd − 3Rηdηd ]
+
g31
24
[ 3Ldd − Luu + 2Lud − 3Ljd + Lju − 3Lld + Llu ]
− gA [ Lud − Luu + Lju + Llu ] − g1
2
[ Ldd − Luu + Lju − Ljd + Llu − Lld ]
− 10
81
g2∆Ng∆∆ [ 6Jud + Juu − Jdd + 2Jjd + 2Jld + Tηuηu + Tηdηd − 2Tηuηd ]
+
8
9
g2∆NgA [ Kud +Kuu +Kju +Klu + 2Sηuηu − 2Sηuηd ]
− 2
9
g2∆Ng1 [ 2Kdd −Kud − 3Kuu + 2Kjd −Kju + 2Kld −Klu + 4Sηdηd − 4Sηuηu ]
η(j)pp = gA (Lju − Luu) +
g1
2
[ Ljd + Lju − Lud − Luu ]
− 5
81
g∆∆g
2
∆N (2Jjd − 2Jud + Jju − Juu)
+
1
3
(Luu − Lju)
[
4
3
g3A + g1g
2
A +
1
4
gAg
2
1
]
+
g31
72
[ 5Luu + 9Lud − 5Lju − 9Ljd ]
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(a) (b)
(e)
(f) (g)
N N
N N
N N
(c) (d)
N N
Μ χ, Μ χ,
Μ χ,
Μ χ,
N N
Μ χ,
N N
Μ χ,
N N
Μ χ,
FIG. 4. One-loop graphs that give contributions of the form ∼ mQ logmQ to the matrix elements
of the axial current in the nucleon. A solid, thick-solid and dashed line denote a 70-nucleon,
44-resonance, and a meson, respectively. The solid-squares denote an axial coupling given in
eq.(33), while the crossed circle denotes an insertion of the axial current operator. Diagrams (a)
to (e) are vertex corrections, while diagrams (f) and (g) give rise to wavefunction renormalization.
− 2
9
g2∆Ng1 [ Kuu + 2Kud −Kju − 2Kjd ]
η(l)pp = gA (Llu − Lud) +
g1
2
[ Lld + Llu − Lud − Ldd ]
− 5
81
g∆∆g
2
∆N (2Jld − 2Jdd + Jlu − Jud)
+
1
3
(Lud − Llu)
[
4
3
g3A + g1g
2
A +
1
4
gAg
2
1
]
+
g31
72
[ 5Lud + 9Ldd − 5Llu − 9Lld ]
− 2
9
g2∆Ng1 [ Kud + 2Kdd −Klu − 2Kld ]
cpp = mu
(
2
3
b1 +
5
3
b2 − 1
2
b3 + b4 + b8
)
+ md
(
−4
3
b1 − 1
3
b2 +
1
6
b3 − 2
3
b4 +
2
3
b5 − b8
)
+ (mj +ml)
(
2
3
b7 − 1
3
b6
)
c(j)pp = b8 (mj −mu)
c(l)pp = b8 (ml −md) , (68)
where we have defined the loop function, Kab = K(mab,∆, µ) with
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K(m,∆, µ) =
(
m2 − 2
3
∆2
)
log
(
m2
µ2
)
+
2
3
∆
√
∆2 −m2 log
(
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ
)
+
2
3
m2
∆
(
πm−
√
∆2 −m2 log
(
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ
))
, (69)
and Sηa,ηb = H(Kaa, Kbb, KX). For the matrix element of τ 3 between neutron states, we
find
ρnn = −gA
ηnn = −g3A [ Lud − Ldd −Rηdηd ]
+
g1g
2
A
3
[ 2Ldd − Lud + Ljd + Lld + 3Rηuηd + 3Rηdηd ]
+
gAg
2
1
12
[ 4Ldd − 2Lud − Ljd + 3Lju − Lld + 3Llu + 3Rηuηu + 6Rηuηd + 3Rηdηd ]
+
g31
24
[ Ldd − 2Lud − 3Luu − Ljd + 3Lju − Lld + 3Llu ]
+ gA [ Lud − Ldd + Ljd + Lld ] + g1
2
[ Luu − Ldd + Ljd − Lju + Lld − Llu ]
+
10
81
g2∆Ng∆∆ [ 6Jud + Jdd − Juu + 2Jju + 2Jlu + Tηuηu + Tηdηd − 2Tηuηd ]
− 8
9
g2∆NgA [ Kud +Kdd +Kjd +Kld + 2Sηdηd − 2Sηuηd ]
− 2
9
g2∆Ng1 [ 3Kdd +Kud − 2Kuu +Kjd − 2Kju +Kld − 2Klu + 4Sηdηd − 4Sηuηu ]
η(j)nn = gA (Ljd − Lud) +
g1
2
[ Ljd + Lju − Lud − Luu ]
− 5
81
g2∆Ng∆∆ (Jjd − Jud + 2Jju − 2Juu)
+
1
3
(Lud − Ljd)
[
4
3
g3A + g1g
2
A +
1
4
gAg
2
1
]
+
g31
72
[ 5Lud + 9Luu − 5Ljd − 9Lju ]
− 2
9
g2∆Ng1 [ Kud + 2Kuu −Kjd − 2Kju ]
η(l)nn = gA (Lld − Ldd) +
g1
2
[ Lld + Llu − Ldd − Lud ]
− 5
81
g2∆Ng∆∆ (Jld − Jdd + 2Jlu − 2Jud)
+
1
3
(Ldd − Lld)
[
4
3
g3A + g1g
2
A +
1
4
gAg
2
1
]
+
g31
72
[ 5Ldd + 9Lud − 5Lld − 9Llu ]
− 2
9
g2∆Ng1 [ Kdd + 2Kud −Kld − 2Klu ]
cnn = −mu
(
−4
3
b1 − 1
3
b2 +
1
6
b3 − 2
3
b4 +
2
3
b5 − b8
)
− md
(
2
3
b1 +
5
3
b2 − 1
2
b3 + b4 + b8
)
− (mj +ml)
(
2
3
b7 − 1
3
b6
)
c(j)nn = b8 (mj −mu)
c(l)nn = b8 (ml −md) . (70)
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For the np matrix element induced by the τ+ axial current, we find
ρnp = gA
ηnp = −g3ARηuηd
+
(
g1g
2
A
6
+
g21gA
12
)
[ 2Lud − 2Luu − 2Ldd − Lju − Ljd − Llu − Lld
−3Rηuηu − 6Rηuηd − 3Rηdηd ]
+
g31
24
[ 2Lud + Luu + Ldd − Lju − Ljd − Llu − Lld ] − gA
2
[ Lju + Llu + Ljd + Lld ]
− 10
81
g2∆Ng∆∆ [ 4Jud + Juu + Jdd + Jju + Jlu + Jjd + Jld + 2Tηuηu + 2Tηdηd − 4Tηuηd ]
+
4
9
g2∆NgA [ 4Kud +Kju +Klu +Kjd +Kld + Sηuηu + Sηdηd − 2Sηuηd ]
+
1
9
g2∆Ng1 [ 2Kud +Kuu +Kdd −Kju −Klu −Kjd −Kld ]
cnp = (mu +md)
(
−1
3
b1 +
2
3
b2 − 1
6
b3 +
1
6
b4 +
1
3
b5
)
+ (mj +ml)
(
2
3
b7 − 1
3
b6
)
, (71)
along with η(j)np = η
(l)
np = c
(j)
np = c
(l)
np = 0.
These three independent matrix elements each reduce down to that of QCD when mj →
mu and ml → md. In the isospin limit and taking ∆ → 0 the axial-vector current matrix
elements in QCD, at one-loop in the chiral expansion, are [14,32]
Γnp = gA − Lpi
8π2f 2
(
gA
(
1 + 2g2A
)
+
2
9
gAg
2
∆N +
50
81
g∆∆g
2
∆N
)
, (72)
where we have not shown the contribution from local counterterms involving one insertion
of mq. We have used the fact that Kx, Jx → Lx in the ∆→ 0 limit.
VII. CONCLUSIONS
The properties of the neutron and the proton have provided an important benchmark
for comparing the predictions of continuum hadronic effective field theories (and models)
with nature. They now provide a benchmark for the ever increasing number of lattice QCD
calculations, be they quenched, partially-quenched or unquenched. In this paper we have
analyzed several observables in two-flavor PQχPT to allow for extrapolations of current and
future lattice simulations of two-flavor QCD. One-loop level computations of the nucleon
masses, magnetic moments, axial-vector currents, as well as the forward matrix elements of
isovector twist-2 operators that are directly related to parton distribution functions, have
been presented.
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